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Introduction
Predicting and verifying the life of aircraft mechanical power trains, such as turboprop and helicopter main rotor gearboxes, is a complex task. Design requirements such as low weight and high power capacity need to be balanced with long life, high reliability, and low maintenance costs. The primary components of these power trains are combinations of rolling-element bearings, gears, and shafting. Accurate prediction of the lives of these components is necessary to establish reliability, predict replacement rates, set up maintenance and replacement schedules, and ascertain warranty limits.
The lives of these mechanical components are not deterministic but are probabilistic. A significant cause for power train removal and repair is contact (rolling-element) surface fatigue of the bearings and/or of the gears. Rolling-element fatigue is extremely variable but is statistically predictable depending on material (steel) type, processing, manufacturing, and operating conditions.
Rolling-element fatigue life analysis is based on the initiation or first evidence of fatigue spalling on a loaded, contacting surface of either a bearing or a gear. This spalling phenomenon is load cycle dependent. Generally, the spall begins in the region of maximum shear stresses, located below the contact surface, and propagates into a crack network. Failures other than that caused by classical rolling-element fatigue are considered avoidable if the component is properly designed, handled, installed, and not overloaded (ref. 1). However, under low elastohydrodynamic (EHD) lubricant film conditions, rollingelement fatigue can be surface or near-surface initiated with the spall propagating into the region of maximum shearing stresses.
In 
where C D is the dynamic load capacity (the load that a bearing can carry for a life of 1 million inner-race revolutions with a 90-percent probability of survival (L 10 life)), P eq is the equivalent radial load, and p is the load life exponent.
Where the data base for gear life is limited, the data base for ball and roller bearings is significantly more extensive. A concern that arises from these data and the analysis is the variation between life calculations and the actual endurance characteristics of these components. Experience has shown that endurance tests of groups of identical bearings under identical conditions can produce a variation in L 10 life from group to group. If a number of apparently identical bearings are tested to fatigue at a specific load, there is a wide dispersion of life among these bearings. For a group of 30 or more bearings, the ratio of the longest to the shortest life may be 20 or more (ref. 1). For gears there is a similar variability. This variation can exceed reasonable engineering expectations.
Between 1975 and 1981, Coy, Townsend, and Zaretsky (refs. 6 to 9) published a series of papers developing a methodology for calculating the life of spur and helical gears based upon the LundbergPalmgren theory and methodology for rolling-element bearings. These gear-life models utilize the Lundberg-Palmgren theory. Also developed from these models is a reliability model for planetary gear trains (refs. 10 to 15), which takes into account the individual reliabilities of the gearbox bearing and gears based upon classical rolling-element fatigue. The reliability of the gearbox system is treated as a strict-series probability combination of the reliabilities of the gearbox components in accordance with Lundberg-Palmgren theory (ref. 5) . Each bearing and gear life was calculated and the results statistically combined to produce a system life for the total gearbox. Because of the different component Weibull slopes, a linear approximation was made to determine the system Weibull slope. The method was applied to a turboprop gearbox by Lewicki et al. (ref. 16) .
Another method for determining the life of a system comprising multiple components is the Monte Carlo simulation (ref. In view of the aforementioned, the following are objectives of the work reported herein: (a) to determine the variation in gearbox lives and distribution parameters as a function of sample size using a Monte Carlo simulation of randomly selected lives of individual bearings and gears comprising the system, (b) to determine the life of a gearbox based on a two-parameter Weibull distribution function for bearings and gears comprising the system using strict-series system reliability, and (c) to compare both methods with each other and with component and gearbox lives obtained from field data.
Procedure and Analysis

Turboprop Gearbox
The commercial turboprop gearbox used for this analysis ( fig. 1 ) consists of two stages with a singlemesh spur reduction followed by a 5-planet planetary gearbox consisting of 11 rolling-element bearings and 9 spur gears (ref. 16 ). The first stage consists of the input pinion gear meshing with the main drive gear. The second stage is provided by the fixed-ring planetary driven by a floating sun gear as input with a five-planet carrier as output. At cruise conditions, the input pinion speed is constant at 13,820 rpm, producing a carrier output speed of 1,021 rpm. A list of the component parts of the gearbox is given in table 1. A typical mission profile for this commercial gearbox is given in table 2, which presents the duration as a percentage and the propeller shaft power for each flight condition. This profile includes loads for (a) takeoff, (b) climb, (c) cruise, and (d) descent. The cruise segment of the profile consumes 68 percent of the flight time with a little less than half of the power required for the takeoff, which lasts for less than 3 percent of the flight time. The cause for removal can be assumed to be one or more bearings or gears that had fatigue or damage resulting in wear and/or vibration detected by magnetic chip detectors and/or vibration pickups. The gearbox is removed from service before secondary damage occurs and is inspected. After the failed part or parts are replaced, the gearbox is put back into service.
Individual failure occurrences are not predictable but are probabilistic. No two gearboxes run under the same conditions fail necessarily from the same cause and/or at the same time. At a given probability of survival, the life of the gearbox system will always be less than that of the lowest lived element in it.
Historical field data for 64 gearboxes were collected. The first part of these data covered the time from their field installation and first field operation to their removal for cause (failure) and refurbishment. The second part covered the time after refurbishment and placement back into field operation of 59 of the 64 gearboxes until their second removal for cause.
Weibull Analysis
In 1939, Weibull (refs. 2 to 4) developed a method and an equation for statistically evaluating the fracture strength of materials. He also applied the method and equation to fatigue data based upon small sample (population) sizes, where the two-parameter expression relating life and probability of survival is
When plotting the ln ln(1/S) as the ordinate against the ln L as the abscissa, fatigue data are assumed to plot as a straight line ( fig. 2 ). The ordinate ln ln(1/S) is graduated in statistical percent of components failed or removed for cause as a function of ln L, the natural logarithm of the time or cycles to failure. The tangent of the line is designated th0e Weibull slope e, which is indicative of the shape of the cumulative distribution or the amount of scatter of the data. The method of using the Weibull distribution function for data analysis to determine component life and reliability was later developed and refined by L.G. Johnson (ref. 19) . This method was used to analyze the data reported herein.
Bearing Life Analysis
Lundberg and Palmgren (refs. 5 and 20) extended the theoretical work of Weibull (refs. 2 to 4) and showed that the probability of survival S could be expressed as a power function of shear stress τ, number of stress cycles η, depth of maximum shear stress z, and stressed volume V (see eq. (1)). By substituting the bearing geometry and the Hertzian contact stresses for a given load into equation (3), the bearing basic dynamic load capacity C D can be calculated (ref. 5). Lundberg and Palmgren related the L 10 life to the equivalent bearing load, load-life exponent, and the basic dynamic load capacity C D (eq. (2)).
For ball bearings, the generally accepted value for the exponent p in equation (2) Equation (2) can be modified using life factors based on reliability a 1 , materials and processing a 2 , and operating conditions such as lubrication a 3 
Gear Life Analysis
Between 1975 and 1981, Coy, Townsend, and Zaretsky (refs. 7 to 9) published a series of papers developing a methodology for calculating the life of spur and helical gears based upon the LundbergPalmgren theory and methodology for rolling-element bearings. Townsend, Coy, and Zaretsky (ref. 24) reported that for AISI 9310 spur gears, the Weibull slope e is 2.5. Based on equation (1), for all gears except a planet gear, the gear life can be written as 
The L 10 life of a single gear tooth can be written as 
and t 10 η is the L 10 life in millions of stress cycles for one particular gear tooth. This number can be determined by using equation (7) where for bearings, C t is the basic load capacity of the gear tooth; P t is the normal tooth load; p G is the load-life exponent usually taken as 4.3 for gears based on experimental data for AISI 9310 steel; and a 2 and a 3 are life adjustment factors similar to those for rolling-element bearings. The value for C t can be determined by using equation (8), where B is a material constant that is based on experimental data and is approximately equal to 1.39×10 8 when calculating C t in SI units (Newtons and meters) and is 21,800 in English units (pounds and inches) for AISI 9310 steel spur gears; f is the tooth width; and ρ is the curvature sum at the start of single-tooth contact. The G L 10 life of the gear (all teeth) in millions of input shaft revolutions at which 90 percent will survive can be determined from equation (5) or (6) where N is the total number of teeth on the gear, e G is the Weibull slope for the gear and is assumed to be 2.5 (from (ref. 24)), and k is the number of load (stress) cycles on a gear tooth per input shaft revolution.
For all gears except the planet gears, each tooth will see a load on only one side of its face for a given direction of input shaft rotation. However, each tooth on a planet gear will see contact on both sides of its face for a given direction of input shaft rotation. One side of its face will contact a tooth on the sun gear, and the other side of its face will contact a tooth on the ring gear. Equation (6) 
System Life Prediction
The L 10 lives of the individual bearings and gears that make up a rotating machine are calculated for each condition of their operating profiles. For each component, the resulting lives from each of the operating conditions are combined using the linear damage (Palmgren-Langer-Miner) rule (refs. 25 to 27) where
The lives of each of the gearbox components are combined to determine the calculated system L 10 life using the two-parameter Weibull distribution function (eq. (3)) for the bearings and gears comprising the system and strict-series system reliability (ref. 10) as follows:
The system shape parameter (Weibull slope) using strict-series reliability (eq. (11a)) where each component or combinations of multiple bearings and gears have different Weibull slopes (shape parameters) is not intuitively obvious. If at each time sequence the probability of survival of each component is multiplied together, the system reliability at that time and, hence, the probability of failure can be determined. When these values are plotted on Weibull paper, a Weibull slope (shape parameter) can be determined for the system life distribution using a least squares fit. When this is done, it is found that the system Weibull slope approximates that of the lowest lived component in the system. For the gearbox,
The lowest lived components in the gearbox are the roller bearings. As a result, the Weibull slope assumed for the planetary gear spherical roller bearings is assumed to be the Weibull slope e of the entire gearbox system in eq. (11b).
Virtual Gearbox Testing
It was assumed that the virtual gearbox was assembled from 12 virtual bins containing components listed in table 1. As in a realistic manufacturing process, each of the component parts of the gearbox is grouped in separate bins. Each of the virtual bins contains 1,000 of the respective components. According to the method of Johnson (ref. 19) , each component part in the bin is assigned an order number (1, 2, 3,…1,000) which is also the order in which they would fail. The life of each component at the probability of survival corresponding to the randomly selected rank can be determined using equation (3) , and 1000 were arbitrarily selected. At population sizes greater than 20, the interval between population size was increased. Each random number generated within a population corresponded to an order number of a component in the virtual bin, with which an associated failure life was determined.
The life of the gearbox was that of the shortest lived component. All gearboxes in each set failed; there were no suspensions or censoring. As a result of the population sizes evaluated, a total of 744,450 virtual gearboxes was assembled and failed in this manner. From each population size n, a distribution of associated lives was thus determined.
Next, this distribution of fatigue lives was sequentially ranked and then ordered according to the method of Johnson (ref. 19) . From the order number, a percent survivability was determined corresponding to each fatigue life. A curve fit of a Weibull plot with the independent variable of the natural logarithm of the life (ln L) and a dependent variable of the natural logarithm of the natural logarithm of the inverse of the probability of survival (ln ln(1/S)) was created. A straight line was fitted to these n data points using the method of least squares. The Weibull slope and the L 10 life of the gearbox systems were determined from the resultant line. For each value of n, the procedure was repeated 21 times to estimate variation between trials and to determine the maximum, minimum, and median values for each series of 21 trials. The 11th trial in ascending order of the 21 trials represents the median value. Ninety percent of the trials (19 trials) were bounded by the maximum and minimum L 10 life values. This entire process in turn was repeated 10 times to establish statistical variation between repetitions. Thus, the lives and slopes reported herein are averaged values from these 10 repetitions.
Results and Discussion
Predicted Gearbox Life
The commercial turboprop gearbox used for this analysis is shown in figure 1. Using equations (2) and (3) for bearings and equations (5) through (9) for gears and appropriate computer programs incorporating these equations, the lives of each of the bearings and gears making up the gearbox were predicted for each of their operating conditions. These lives are shown as the Weibull plots in figures 3(a) and (b), respectively.
The L 10 life of a single double-row spherical bearing is 3,529 hr. From equation (11a), the system L 10 life for the five-bearing planetary set is 774 hr. For all the bearings in the gearbox, the bearing system L 10 life is also predicted to be 774 hr.
Using equation (17a) for the individual gears, the gear system predicted L 10 life is 16,680 hr. Combining the bearing and gear lives to obtain a gearbox L 10 life, using equation (17b), the predicated L 10 life for the gearbox is 774 hr. The lives of the individual bearings, and more specifically, those of the planet double-row spherical bearings, determine the life of the gearbox in this example. The system lives of the bearings, gears, and gearbox are summarized in figure 3(c) .
Virtual Gearbox Life
For this study, gearboxes were randomly assembled by Monte Carlo (random) number generation (ref. 29 ) from 12 virtual bins. The method of Johnson (ref. 19 ) was used to determine the Weibull slope and lives. For each population size, the process to determine the virtual gearbox lives was repeated 21 times, from which the maximum and minimum lives and slopes could be determined at each population size. In turn, the process was repeated 10 times to establish the statistical variation, and the virtual lives and slopes are reported as averages of the 10 repetitions. The maximum and minimum lives of 21 trials were averaged for 10 repetitions and plotted as a function of population size in figure 4(a) . The median values for the L 10 gearbox lives equal 757 hr and reasonably correlate with the predicted value of 774 hr from the Lundberg-Palmgren method. Half the gearbox L 10 lives, however, will be less than this value and the other half greater.
The variation in life is a function of the number of gearboxes failed and not the number of gearboxes tested or in the field (ref. 28 ). The equations providing a reasonable bounding fit of these data ( fig. 4) 
The maximum and minimum Weibull slopes of 21 trials were also averaged for 10 repetitions and plotted as a function of population size in figure 4(b) . The variations in Weibull slope as a function of the number of gearboxes failed are as follows:
There is good correlation between the median values of the Weibull slopes from the Monte Carlo simulation and that predicted for the gearboxes based on the Weibull slope of the lowest lived component in the gearbox itself, particularly for trial populations greater than 58 (table 3) . However, half the resultant Weibull slopes will be greater than that predicted and the other half less. Again, the magnitude of the Weibull slope variation depends on the number of gearboxes that fail in a set and not the number in a set (refs. 19 and 28). The work reported herein shows that gearbox or drive train failure is probabilistic and not deterministic. The specific life of individual drive trains cannot be determined with any reasonable engineering certainty. Further, the remaining life of a drive train in service cannot be determined prior to actual failure of a component within the gearbox. Assuming an ideal and accurate gearbox life prediction procedure, half of all gearbox groups from carefully controlled assemblies will have lives less than that predicted. However, the variation in the resultant life from that predicted will decrease as the number of failed gearboxes in the randomly selected group increases.
Gearbox Field Data
New gearboxes
The application of the Lundberg-Palmgren theory (ref. 5) to predict gearbox life and reliability needs to be benchmarked and verified under a varied load and operating profile. The cost and time to laboratory test a statistically significant number of gearboxes to determine their life and reliability is prohibitive. A practical solution to this problem is to benchmark the analysis to field data. Fortunately, these data were available for the commercial turboprop gearbox used in this study.
No two gearboxes are expected to operate in exactly the same manner. Flight variables include operating temperature and load. Small variations in operational load can result in significant changes in life. Hence, the accuracy of our calculations is dependent on how close the defined mission profile is to actual flight operation.
The gearboxes are condition monitored and are removed from service upon the detection of a perceived component failure. At the time of removal, the gearboxes are functional. The removal precludes secondary damage; that is, the damage is limited to the failed component.
Field data were collected for 64 new commercial turboprop gearboxes. From these field data, the resultant time to removal of each gearbox is presented in the Weibull plot of figure 5(a) . The failure index was 59 out of 64. That is, 59 out of the 64 gearboxes removed from service were considered failed. For these data, there was not a breakdown of the cause for removal or the percent of each component that had failed. The resultant L 10 life from the field data was 5,627 hr and the Weibull slope e was 2.189. Using the Lundberg-Palmgren method (above), the predicted L 10 life was 774 hr and the Weibull slope e was 1.125. The field data suggest that the L 10 life of the gearbox was under predicted by a factor of 7.56.
Refurbished gearboxes
When a gearbox is removed for cause, the failed and/or damaged components are removed. The gearbox is refurbished and put back into service. The 59 failed gearboxes were refurbished and placed back into service. The lives of these second-run gearboxes are presented in the Weibull plot of figure 5(b) . The failure index was 34 out of 59. The times shown are based on setting the clock back to zero when these gearboxes were placed back into service. The resultant L 10 life of these second-run gearboxes was 1,334 hr. The Weibull slope e was 1.313. A comparison of the predicted lives and the lives of the new and refurbished gearboxes is shown in figure 5(c) . The L 10 life of the refurbished gearbox is approximately 1.7 times that originally predicted for new gearboxes but 76 percent less than that of the first-run (new) gearboxes.
Reevaluation of Bearing Load-Life Exponent p
Although errors in the assumed operating profile of the gearbox may account for the difference between actual and predicted life, it is suggested that using the Lundberg-Palmgren equations results in a life prediction that is too low for the bearings.
With reference to equation (1) From equation (11) , assuming that the bearing system, which is the shortest lived component in the gear box and has the same Weibull slope as that of the gearbox (that is e = 2.189), 
Calculating a revised value for the load-life exponent p for the gearbox bearings based on the actual bearing system life of 5,627 hr,
Solving for load-life exponent p, 
Component Life
With reference to equation (11) , failure trends in the percentage of individual components failed with respect to the total system can be derived from the Lundberg-Palmgren model for system failure (ref. 5) 
where X is the fractional percent of components failed, L sys is the system L 10 life, and L n is the component L 10 life. If the percent of each component failed as a percentage of the total number of gearboxes failed is known, then the L 10 life of that component can be determined from equation (17) and vice versa. However, a condition precedent for using equation (17) is that the individual Weibull slopes must be known or assumed with reasonable engineering certainty. Based on the Monte Carlo simulation, the component failure distribution of the gearbox for 744,450 gearboxes is summarized in table 4. These numbers are compared with the calculated failure distribution predicted using the predicted component L 10 lives obtained using strict-series system reliability. These numbers are nearly identical and prove the comparability of these methods. On the basis of the predicted percentage of components failed from the Monte Carlo analysis and equation (17) , the lives of the individual components are predicted based on the L 10 life of the new gearboxes in the field, where L sys = L 10 = 5,627 hr. For these calculations, the Weibull slope e for all the components was assumed to be the same as the resultant Weibull slope of the gearboxes in the field, where e = 2.189 (table 3) . These lives are compared with those originally predicted for the components from table 1. Regarding the L 10 lives, although the differences between those predicted from equation (17) for the various components are within reasonable engineering limits, there are two exceptions: The L 10 life of the five-planet, double-row spherical roller set is over seven times that predicted. Also, the calculated L 10 life from equation (17) for the ring gear is 98.5 percent less than that predicted. However, the resultant ring gear life is sufficiently high enough to have only a nominal effect on the gearbox life. The increase in L 10 life of the five-planet, double-row spherical roller set is of sufficient magnitude to significantly increase the overall gearbox life from the predicted value of 774 hr (table 1) to 5,627 hr (table 3) .
Summary of Results
Two computational models to determine the fatigue life and reliability of a commercial turboprop gearbox are compared with each other and with field data. These models are (1) the Monte Carlo simulation of randomly selected lives of individual bearings and gears comprising the system and (2) the two-parameter Weibull distribution function for bearings and gears comprising the system using strictseries system reliability to combine the calculated individual component lives in the gearbox. The Monte Carlo simulation consisted of the virtual testing of 744,450 gearboxes. These results were compared with each other and with two sets of field data obtained from 64 gearboxes that were first-run to removal for cause, were refurbished, were placed back in service, and were second-run until removal for cause. A series of equations was empirically developed from the Monte Carlo simulation to determine the statistical variation in predicted life and Weibull slope as a function of the number of gearboxes failed. The following results were obtained: reasonably correlate with the predicted value using strict-series system reliability of 774 hr. Half of the gearbox L 10 lives are less than this value and the other half more. The variation in the resultant life from that predicted decreases as the number of failed gearboxes in the randomly selected group increases. 4. The apparent load-life exponent p for the roller bearings is equal to 5.2. Were the lives of the roller bearings to be recalculated using the Lundberg-Palmgren theory with a load-life exponent p = 5.2, the predicted L 10 life of the gearbox would be equal to the actual life obtained in the field, 5,627 hr. If an exponent p = 5 were used, the predicted L 10 life of the gearbox would be 4,065 hr. This result suggests a strong reliance of the predicted life upon the load-life exponent p. 5 . The component failure distribution of the gearbox from the Monte Carlo simulation was nearly identical to that obtained by using the strict-series system reliability analysis, proving the comparability of these methods.
